Surface noise is a detrimental issue for sensing devices based on shallow nitrogen vacancy (NV) color center diamonds. A recent experiment indicates that electric field noise is significant compared to magnetic field noise. They also found that the electric field noise can be reduced with a protective surface layer, though the mechanism of noise reduction is not well understood. We examine the effect of a protective surface layer on the noise spectrum, which is caused by surface charge fluctuations. We use the fluctuation-dissipation theorem to calculate and analyze the noise spectrum for six different surface layer materials typically used for NV center diamond devices. We find that four parameters largely affect the noise spectrum: effective relaxation time, effective loss tangent, power law exponent of the noise spectrum, and layer thickness. Our results suggest that a surface covering layer is indeed useful for decreasing surface noise, but which material is most suitable depends on the device operational frequency range.
I. INTRODUCTION
Nitrogen vacancy (NV) center diamonds are attractive candidates for a wide range of applications, ranging from quantum metrology and sensing, to quantum information processing, and hybrid quantum systems [1, 2] . Much of the interest in NV center diamonds stems from the long quantum coherence time of their spin statesseveral milliseconds at temperatures well above room temperature [3] -and their extremely high sensitivity to electric and magnetic fields [4] [5] [6] [7] [8] [9] . NV color centers have a number of practical applications [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] in magnetic field sensing, magnetometry, scanning thermal microscopy and frequency-modulated radio reception in extreme conditions, in addition to being candidates for room temperature quantum computing.
When functioning as detectors, NV centers must be placed as close to the sample surface, for maximal detection sensitivity [28] [29] [30] [31] [32] [33] . Yet room-temperature devices with NV centers near the surface tend to be noisy. This noise produces fluorescent line-broadening and decreases the overall detection sensitivity. Previously, magnetic field noise was regarded as a dominating source of noise [34] [35] [36] [37] . The majority of magnetic field noise comes from bulk impurity interactions of nuclear and electronic spin baths [38, 39] . The surface magnetic noise also exists and has been attributed to electron spins of dangling bonds [40, 41] , terminating surface atoms [42, 43] , absorption of molecules [44] , and interactions with paramagnetic surface molecules [45] . Magnetic surface states have been experimentally observed for both bulk and single crystalline surfaces [36, 46, 47] .
However, recent experiments by Kim et al. [32] and Romach et al. [48] revealed that, in devices at room temperature, electric field fluctuations can sometimes be a larger source for noise than magnetic field fluctuations. The electric field noise may be caused by lattice strain [9] and dipole fluctuations of an NV center due to interaction with fluctuating surface charges. Although, the effect of the former seems to be much smaller than that of the latter. Mamin et al. [49] were able to reduce NV center noise by placing a layer of polymethyl methacrylate atop the diamond. Kim et al. [32] also reported noise spectrum and T 2 coherence time improvement with certain covering materials on NV center diamonds. Other materials, however, either reduce or increase surface noise [48, [50] [51] [52] . Until now there has been no systematic theoretical study of electric noise in NV center diamond devices with different covering layers, nor any heuristics beyond experimental intuition for determining which materials efficiently reduce noise in which frequency bands.
In this paper, we study the physics of surface electric field noise in diamonds containing NV centers. We evaluate the effect of noise reduction with a liquid or solid cover layer, and identify the parameters that control noise reduction in various situations. Since most NV center devices operate at room temperature, we treat the surface electric field noise as being produced mainly by thermally-activated fluctuating dipoles caused by the surface charges. These dipole fluctuations lead to fluctuations in the electric field at the position of the color center. We used the fluctuation-dissipation theorem for noise calculations. Kuehn et al., for example, have used the method to calculate dielectric fluctuation due to noncontact friction for PMMA [53] at a fixed frequency. We will use it to calculate frequency dependent noise with different covering materials to explore the optimal frequencies of operation for those materials.
Our theoretical model, described in Sec. II, consists of a diamond coated with a cover layer, which we also sometimes refer to as a "protective layer". We use the fluctuation-dissipation theorem to obtain noise spectra at room temperature, and we calculate the effective capacitance and loss tangent. The surface cover materials we consider are: glycerol, propylene carbonate (PC), polymethyl methacrylate (PMMA), polyvinylindene flouride (PVDF), perflouropolyether (PFPE), and dimethyl sulfoxide (DMSO). PMMA, PVDF, PFPE, glycerol, and PC have been commonly used in experimental work [48] [49] [50] [51] [52] . PMMA and PVDF are both solids, while all the others are liquid at room temperature. We analyze the noise spectra at frequencies ranging from 1 kHz − 10 MHz, typical in experiments, and compare the results with experimental data of Ref. [32] .
We find that there are four main parameters that shape the noise spectrum: the effective relaxation time, the effective loss tangent, the coefficient of the power law of the noise spectrum, and the thickness of the surface layer. The effective capacitance also matters, but to a lesser extent. In Sec. III, we examine the role of each parameter in depth and discuss how the protective layer affects the parameters and the shape of the noise spectrum. The effective relaxation time τ eff determines the transition frequency of the noise spectrum.
Our study of six experimentally representative covering materials shows that most covering materials commonly used by experimentalists can reduce noise in the frequency range of interest. Most liquid surface layers are much better than solid layers at reducing noise. This is because liquid layers have shorter (picosecondnanosecond) characteristic relaxation times than solid layers (microseconds). However, the power law exponent for liquids is in general smaller than that for solids and greatly affected by the thickness.
The frequency range where power law dominates the noise spectrum is narrower for liquids than for solids. In liquids, a constant noise floor (i.e., white noise) reappears at frequencies above 10 5 -10 6 Hz, while the noise spectrum in solids still follows the power law in this frequency range. As a result, around 1 MHz, solids start to perform better in noise reduction than some liquids. At high frequencies (> 10 7 Hz), a solid protective layer will outperform all liquid layers in noise reduction. The thickness of the surface layer affects the amount of noise: in general, thinner protective layers reduce white noise floor better than that of thick protective layer.
II. MODEL AND CALCULATIONS

A. Noise spectrum
Our model consists of a room-temperature diamond with an NV center embedded 5 nm below the diamond surface, with a liquid or solid layer covering the surface (see Fig. 1 ).
The covering materials we investigate are glycerol, PC, PMMA, PVDF, PFPE, and DMSO. The reason behind choosing these different materials is due to their favorable characteristics. For example, Kim et al. [32] has shown that glycerol does not affect the dark spin density of NV centers even though glycerol's hydroxyl groups can donate protons and possibly passivate dangling electrons. On the other hand, propylene carbonate and DMSO are aprotic solvents with tightly bound atoms and are optically transparent in the wavelength regimes of NV center experiment. PMMA, PVDF, and PFPE are all nonreactive, thermally stable, and optically transparent [54] [55] [56] [57] . PFPE has been used in space-based applications for its optical transparency, and PMMA acts like normal window glass only filtering out wavelengths below 300 nm.
We assume that the NV centers are far apart and do not interact with each other. We focus on the noise above the NV centers and ignore the noise below them, since we are interested in noise reduction at the surface due to various protective layers. The noise from below the NV centers is the same for all covering layers, and so this noise source is not relevant for comparative noise reduction.
The interaction Hamiltonian of this system is
where p is the electric dipole moment between the free positive charges in the covering liquid and the NV center electron and E is the electric field. We want to find the noise spectrum, S(k, ω), arising from the fluctuation of the dipole moment between the NV center and the covering layer. The electric field is due to charge fluctuations and acts on the system through the dipole moment. To obtain the noise spectrum, it s necessary to calculate the two-point space-time correlation of the dipole moment fluctuation, δp(r, τ )δp(r ′ , τ + t) , and then, calculate the noise spectrum by
However, since the system's response function is local, fluctuations at distinct spatial coordinates are uncorrelated. Then δp(r, τ ) = δp(τ ) and S(k, ω) = S (ω). Using the fluctuation-dissipation theorem (see Appendix for details), we obtain
where χ ′′ e is the imaginary part of the complex electric susceptibility, k B is the Boltzmann constant, and T is the temperature.
Let ε ′ and ε ′′ be the real and imaginary parts of the permittivity. We rewrite ε 0 χ ′′ e in terms of the loss tangent, tan φ(ω) ≡ ε ′ /ε ′′ , from the complex permittivity,
We choose the axis of interaction of p to be the z-axis as shown in Fig. 1 and model the two layers above the NV center-the diamond and cover layers-each with capacitance C. The system is analogous to parallel-plate capacitors in series due to the intrinsic electric field naturally generated by the dipole interactions between the negative charge in the NV center and the positive charge in the covering layer. After some manipulation, the noise spectrum per unit volume becomes
B. Effective capacitance and effective loss tangent
Equation 4 contains the capacitance C(ω) and loss tangent, tan φ(ω). The capacitance expressed in terms of the electric field as C(ω) = 1/E(ω)d, with
where κ = 1/4πε 0 , q is the charge, and d is the thickness of the layer. This expression lets us write capacitance in terms of electric permittivity. The frequencydependent permittivity for a single material is a relaxation permittivity given by the Havriliak-Negami relaxation function [58] ε (ω) = ε ∞ + △ε
where △ε = ε ∞ − ε s is the difference between the limiting high-frequency permittivity ε ∞ and the limiting lowfrequency "static" permittivity ε s , and τ is the medium's characteristic relaxation time, given in terms of the material's relaxation frequency f r by τ = 1/2πf r . The exponents γ and β are fractional shape parameters describing the skewing and broadening of the dielectric function. For a diamond without any protective layer, the capacitance C(ω) and loss tangent tan φ(ω) in Eq. (4) are simply calculated from the properties of diamond. However, with a protective layer on the surface, we need to compute and use an effective capacitance C eff (ω) and loss tangent tan φ eff (ω) to calculateS(ω). We model the structure as a "covering layer" above the top diamond layer (i.e., the 5 nm diamond layer directly above the NV center). Then, the effective loss tangent tan φ eff (ω) is given by [59] [60] [61] [62] ,
where H and L respectively denote the higher and lower index of refraction of the surface liquid and the top diamond layer. The coefficients d L and d H are the two materials' thicknesses, and
where w is the width and Y L,H,s is the Young's modulus. The subscript s refers to the substrate, that is, the diamond below the NV center. We have written this formula as Y L,H,s even though s = L or s = H-either the L layer or the H layer is diamond, as is the substrateso that Eq. (8) can be used for two different covering layers on the diamond surface if needed. The effective capacitance C eff (ω) is the capacitance of the two layers of dielectric materials, equivalently to the diamond and the protective layer in series. The material parameters used in our calculations are taken from the literature [63] and are shown in Table I . Fig. 2 shows calculated noise spectra as a function of frequency for bare diamonds and for diamonds with various surface protective layers of thickness 5 nm.
At low frequencies the noise spectra exhibit white noise, with a transition at higher frequencies to a power law spectrum, with S (ω) ∝ 1/f a . This agrees with the experimental findings of Romach et al. [48] . White noise at low frequencies comes about when dipoles try to align themselves into an equilibrium state.
We see from Fig. 2 that all surface covering materials we examined reduce the noise in some though not all frequency ranges. This agrees with the experimental observations reported for glycerin and propylene carbonate by Kim, et al. [32] . However, certain materials are more effective in reducing noise at low frequencies, while others work better at high frequencies. For example, PVDF generates more noise than bare diamond at frequencies less than 3 × 10 4 Hz but surpasses PMMA in noise reduction above 2 × 10 5 Hz, glycerol above 4 × 10 5 Hz, and PFPE above 10 6 Hz. Four parameters largely affect the shape of noise spectrum at room temperature: the effective relaxation time τ eff , the effective loss tangent tan φ eff (ω), the power law coefficient a, and the thickness of the surface layer. The effective capacitance also affects the noise spectrum; however, the effect is minimal compared to the other parameters, because of very little variation of the real permittivity ǫ ′ with frequency (see Sec. III B).
A. Effective relaxation time
The effective relaxation time τ eff determines the transition frequency f t at which the spectrum transitions from white noise to a power law. The relationship is f t = 2π/τ eff , where 1/τ eff = 1/τ dia + 1/τ surf . Here τ dia and τ surf are the material relaxation times of the diamond and the protective surface layer, respectively. Thus, for a liquid surface protective layer, in which τ surf ≫ τ dia , the effective transition time is dominantly determined by the relaxation time of the diamond. With a solid surface, on the other hand, τ surf is comparable to τ dia , and thus the effective relaxation time will be determined by both τ surf and τ dia . We discuss the effect of thickness in Sec. III D. Figures 2 and 3(a) show that the amount of white noise is determined by the effective loss tangent tan φ eff (ω). In addition, overall charge fluctuation noise is proportional to the dielectric loss tangent, and thus charge fluctuation noise increases for lossy materials.
B. Effective loss tangent
Next, since loss tangent is defined as the ratio of the imaginary permittivity ǫ ′′ to the real permittivity ǫ ′ , we look into both ǫ ′ and ǫ ′′ . Compared to the imaginary part (see Fig. 3(a) ), the real part of the permittivity is relatively constant with frequency throughout the frequency range 10 3 -10 7 Hz, except around the transition frequency f t (see Fig. 3(b) ). As a result, tan φ eff (ω) is predominantly determined by the imaginary permittivity. This could be why Kim et al. [32] , who used only real permittivity to estimate the noise, could not explain the noise spectra they observed in their experiments.
The noise spectrum is also affected by the capacitance, as shown in Eq. (4), and thus it is also proportional to the real part of the permittivity. However, since the real permittivity is relatively constant with frequency, except around the transition frequency f t , the effect of capacitance on the noise spectrum is much less than that of the loss tangent.
C. Power law exponent
In atomic systems such as an ion trap, the power law 1/f a is associated with the number of excitation modes of environmental phonons [64] . However, in our study, temperature is held constant, and thus the excitation modes of environmental phonons are the same for all materials. As can be read off Fig. 2 , the noise spectra of the solid systems we considered (bare diamond, PVDF+diamond, and PMMA+diamond) follow a power law with exponent ranging from a = −2.1 to a = −2. On the other hand, with a liquid surface layer such as glycerin, PC, DMSO, and PFPE, the power law exponent varies from a = −0.5 to a = −1.9. The exponent depends on thickness, as discussed in the next subsection III D. Table II shows that for liquid surface layers, the power law exponent a varies drastically with thickness. For solid surface layers, though, a does not vary much with thickness. The power law region occurs when the dipole moments of the surface covering layer have aligned themselves to the NV center. Thus, the power law of a liquid covered diamond seems to be strongly affected by the stability of aligned dipole moments than that of a solid covered diamond. Figure 4 shows the noise spectra with thick (1 µm) surface protective layers. The thickness of the protective layer does not change the noise spectrum transition frequency f t , since the transition is governed by the relaxation time. However, a thick surface protective layer does increase the noise floor in general.
The exception to this rule is for those materials with a very short relaxation time τ surf , such as PC and DMSO and only at low frequency range (noise floor is high for high frequency range). This puzzling phenomenon can be explained when we re-expressS(ω) in Eq. (4) by explicitly writing the effective capacitance in terms of geometry and factoring out thickness independent terms. After some simplification, we obtain
where Γ incorporates all factors independent of layer thickness. The first term of Eq. (9) contains the ratio of the thicknesses of the protective layer and top diamond layer; it is the only thickness dependent part of the equation. Note, however, that this first term also depends on the loss tangent. As a result, in materials such as PC and DMSO whose loss tangent φ L is much smaller at low frequencies than that of diamond, the first term will be negligible compared to the second term. Thus, in these materials, thickness makes almost no difference to the noise spectrum at low frequencies as seen in Fig. 4 .
E. Which cover layers reduce noise most effectively?
Having highlighted the roles of four parametersrelaxation time, loss tangent, power law, and thicknessin noise reduction, we now draw out some practical implications of our results. At low frequencies, fluctuations in dipole-dipole interactions manifests as white noise. Because its characteristic relaxation time is shorter than that of diamond, a thin (< 10 nm) protective layer can reduce noise by decreasing the effective loss tangent. In the frequency range understudy, liquid surface layers reduce noise more effectively than solid surface layers because the picosecond-to-nanosecond relaxation times of liquids is much shorter than the microsecond relaxation times of solids. Because they can move more easily than in solids, the dipoles in liquids realign more quickly than the dipoles in solids. The low mobility in solids and the consequently slower realignment of dipoles leads to more fluctuation noise. On the other hand, the power law coefficient in liquids is generally smaller than in solids, and the frequency range over which the power law holds is narrower in liquids than in solids. In liquids, the noise spectrum becomes flat again at frequencies beyond a few megahertz (10 6 Hz), whereas in solids the power law persists even at higher frequencies. As a result, at high frequencies (> 10 7 Hz), solid protective layers outperform liquid protective layer in noise reduction. Furthermore, the thickness of the surface layer also affects the amount of noise: the thinner the protective layer, the better the noise reduction. A solid protective surface thicker than 10 nm may increase noise rather than reduce it.
IV. CONCLUSIONS
We have studied the effectiveness at reducing surface noise of protecting layers on NV center diamonds. We have assumed that the main source of the noise is thermally activated surface charge fluctuations. This assumption is reasonable, since the NV center based devices in question operate at room temperature, and various experiments indicate that the noise mainly originates from the electric field [32, 48] . We have used the quantum fluctuation-dissipation theorem to calculate the noise spectrum. We have analyzed the noise spectra for six materials commonly used to cover the surface of NV center diamonds: glycerol, propylene carbonate, polymethyl methacrylate, polyvinylindene flouride, perflouropolyether, and dimethyl sulfoxide. The covering materials examined in this work all exhibit optical transparency in NV center experiments and do not interfere with NV center readout [54] [55] [56] [57] . While chemical reactivity with biomolecules for sensing could possibly be affected by the coating, reduction in noise may more than compensate for this effect.
Our results show that four parameters affect the noise spectra: the effective relaxation time, the effective loss tangent, the exponent of the power law, and the thickness of the surface layer. (The effective capacitance also influences the overall noise spectra, but to a much smaller extent.) Of these four parameters, the effective relaxation time, the effective loss tangent, and the coefficient of the power law determine the shape of the noise spectra, while the thickness of the surface layer determines the overall amount of noise. The effective relaxation time τ eff determines the transition frequency of the noise spectrum: the longer the relaxation time, the lower the transition frequency. The power law behavior is associated with the stability of aligned dipole moments. Thus solid cover materials have higher power law exponents (around −2) that are very little influenced by the thickness, while liquid cover materials exhibit a drastic decrease in the power law coefficient as the thickness increases. Consequently, one can control the power law behavior by adjusting the cover layer thickness, if liquid covering layer is used. The amount of white noise is determined by a combination of the effective loss tangent and thickness. In addition, overall charge fluctuation noise is proportional to the loss tangent, and thus the surface noise is worse for so-called "lossy materials". In general, the noise floor considerably increases with increasing thickness. The only exception to this rule is a material with very short relaxation time, such as PC and DMSO, and only at low frequency ranges. The thickness of the surface layer does not affect the transition frequency from the white noise to a power law of the noise spectrum.
Our study of six experimentally representative covering materials shows that most covering materials commonly used by experimentalists can reduce noise in the frequency range of 10 3 -10 7 Hz. Liquid surface layers reduce noise better overall than solid layers, because their relaxation times are shorter. The ideal material for reducing NV center surface noise would be a thin liquid layer with a low real permittivity and a fast (picosecond range) relaxation time in the frequency range 10 3 -10 7 Hz. Solid materials in general are noisier, but their high power law exponents compensates for the substantial white noise and provides better noise reduction at high frequencies (> 10
7 Hz). It should be noted that PMMA is shown to enhance emission that might result in reduction in lifetime [69] . However, due to the complexity of the nano-diamond tip structure, such measurements may not be directly applicable to our case: in our case, the NV center is embedded in the bulk diamond.
Finally, the electronic field noise will decrease T 2 coherence time just as magnetic field noise does. Since some experiments such as [9, 32] show that the electric field noise and magnetic field noise are comparable, reducing the electric field noise might extend T 2 time considerably.
In this appendix, we derive the noise spectrum via the fluctuation-dissipation theorem. We treat the the dipoledipole interaction Hamiltonian between liquid and the NV center as perturbation
where p is the electric dipole moment between the charges in the covering liquid and the NV center, and E is the electric field. We treat the interaction using the electric dipole approximation. At thermal equilibrium, the ensemble average of the dipole moment is defined as,
where f eq is the distribution function
where k B is the Boltzmann constant and T is the temperature, and the integration runs over all coordinates because the system is at equilibrium and t is time. The fluctuation is regarded as a system that has been perturbed by δp
This perturbation is small and linearly dependent on E. This dependence can be given by linear response function theory [65] [66] [67] ,
Hereα jk is the response function of the system and j, k = x, y, z. We have assumed that the system is stationary (i.e., the response function is local) and the dependence on t − t ′ enforces causality. The "memory" of the system is contained inα jk and we need to determineα jk .
Time-dependence of the electric field perturbation is a step function to ensure complete relaxation of the system at times t = 0, and the perturbation occurs [0, ∞) with E = E 0 k at t > 0. Evaluating Eq. (A5) for the step function perturbation we get,
where τ ≡ t − t ′ . Solving forα jk we obtain,
We assumed thatα jk (t) and its time-derivative tends to zero as t → ∞ and Θ(t) is the Heaviside step function to ensure causality. Since the ensemble average is independent of time,α
At time t = 0, the system is in thermal equilibrium. Expanding the exponential in a series and plugging into Eq. (A2), and keeping only the terms up to linear order in δH we obtain,
(A9) Since δH (s) is the perturbation at time t = 0 we have δH (s) = −p (s, 0) E 0 k and Eq. (A9) becomes,
Inserting this result into Eq. (A7) we find,
It is convenient to do a Fourier transform to express Eq. (A11) in the frequency domain withα jk (t) → α jk (ω) and δp (t) → δp j (ω). The correlation function in frequency domain, δp j (ω) δp *
To obtain a spectral representation of the fluctuationdissipation theorem, we need to Fourier transform Eq. (A11). The right hand-side leads to a convolution between the spectrum of the step function Θ(t) and the spectrum of d/dt δp k (0) δp j (t) . To remove of the imaginary part of the step function, we solve for α jk (ω) − α * kj (ω) instead of α jk (ω). Using the WienerKhintchine theorem [68] and taking the real part (note that δp k (t) δp j (t + τ ) is real) we get
(A13) The Wiener-Khintchine theorem applies to classical systems, where ω ≪ k B T . However, we can generalize it to quantum systems by replacing k B T by ω/ 1 − e − ω/kBT and substituting into Eq. (A13). Then δp j (ω) δp * k (ω ′ ) becomes
Fluctuation is now converted to dissipation on the right hand side. We now need to determine α jk (ω) − α * kj (ω). Dissipation in the system is associated with the imaginary part of the complex electric susceptibility, χ ′′ e , since p ∝ ε 0 χ e , where ε 0 is the vacuum permittivity and χ e is the complex electric susceptibility. Therefore, the dissipation term is contained in χ However, since the system's response function is local, fluctuations at distinct spatial coordinates are uncorrelated. Then δp(r, τ ) = δp(τ ) and S(k, ω) = S (ω), so that S (ω) = 4 1 − e − ω/kB T ε 0 χ ′′ e .
(A16)
